MATH 2050 - Field and order prsperties of R

(P@‘FQJQMCQ . Bartle 82.1)

Grand Thm: TR i a complete ovdeved feld .
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Def2) Thm: (R, t,°) is a Fieldk, ie.
4 :RxR - R, e :ReR - R st

3 +wo ovgrad'n'ovls
the ‘Fe“ew‘u) propesties hol d :

(AL) Q+b=brta VeawelR

(A2) (a+b)+c = a tlo+c) va.b,cé€R

(A3) E'DGIR <t. O+ta=a =a+0
a+(-a) =0 = (-0)ta

vVaé R

(AY) VaeR.,3 -0 e R st

V a.e,c &R

(M2) (a-%)-C = G- (b-¢)
1ra=a =a-4 Vae R

‘(Ms) 24¢R st. 1#0 ond
(M%) VacR ato, K 3 g€R st j:-a=i=a-‘o'; vaeR

1 {(o) _ a.(btc) =ab+tac VvabceR
\Cb+c)-a = b-atcC-Q Va.b.ceuk

Note: The remoamims olgebtarc properties Com be deduced From
the Fed vaer‘h‘e s above ,




Defive: @-=b := @+ (-b) and i b0, % = a-(g)
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%E 2" Concetiation LawS"
a+C = b+C = G= o

(1)
(2) dc =bC ., Czo =2 a=b
Praf: (1)
o = a+ O (by (AD)
= a+(C+-0)) (by (AW))
= (atc) + -¢) (b (A2))

(btc) + (=€) by ASTumphion )

]

= bt (c+C-0) (by (A2))
= b+ O (by (AW))
- b (by (A3))

(2) Exetcise .

Covr: The 2eve elenumt O i (A3) s Wﬂ"ﬁu.

Proof : Suppose these are two 2ers lewants O , O Then

0O = O*O' 3.0' e. O=0
¢

O (A3) 0 (A3)




Fxescise: 4 in (M3) s uv\u‘]u.

Exevcise: Tug additive ond W\u\fq‘?!;ceﬂve ‘hverse (N-l-)
and (M&) ave Ul\m"éu.e.

m* (1) 0-a=0 vae R
(20 ab=0 = a=0 or b=0
(3) (-1)-a = -@a vaec R

Pracf: (1) Consvdev

(03) (A3)

)
0oa « 04 = (0+0)-a = 0-a 6+ O

+haen concellation \aw (1) , we heve 0o-axO.

(2) Suppose G-b = o.

Case t @ G = O > Oowe.
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Coseit: Q%9

Cinee %0 . 4+ ‘nvesse J&eﬁi Q¥iStS .

%. b = o = /d. o
) X
bp alfuu\ﬂ.ha 53 (1)

Bg concellatvon low (2), w¢ hWeve =9 -

(3) Want €2 shew: a+ (-1)-a = o

Thim, resatt Fotaws From unigunsss of additie iwrze =0

(M3)

O+ (-1)-aa = 16 +(-1)a
(0)
= (1+9)-Q
(AY%)
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Goal- R is a dpmplete  ovelereel el ol .
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Def2/Thm- 2 P % P =1 “positive " real huwbers) € IR st.

(04): a,be P = atb,abe P

(02) Th'cke'taw\ﬁ : 'V ae R, one and oal.:) one of e 'FQHQM’V\J helds:

oné P ov a=0 or -0 € P

No+tation - a>o $ ae ﬁ> ) a}’o of aefPu{o}

a<o F -ac€Pp . ag¢o F-a€ePL s}

Define: a>b i+ a-b ciP
azb F a-b c€iPolo}

Prop: (Rutes of inequal tees) Let ab.c e R,

(a) ASb and b>S>C = a>c(C
(h) ad>b =D a+cC > b+cC

(c) a»b = {a6>bc $ ¢c>0
ac < bc i €<O

a-b € P

'R.ﬁ_. () B‘.’)"“{”' aSb <=
b-Cc ¢ P

alse b>c <=2

By (01), @-C = (a-b)+ b=c) ¢ P = a>c.
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(b) Exescise .
83 a2, avsb <= a-b ¢ P

()
cec P . then by (01)

Given C>0 |, ie.

(0)
oc-be = (a-b)-¢ e P = ac> bC .
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P iP

Exercise for tHae cese €< 0.

Thm 1 IP Containg all naturel nuwbers, e NC P

Levama -, a,2 2 O Vae R .

Pﬁ’ 33 (02) , “there are 2 possihle cases:

Case 1: ae P

2 (o1) ?
a:a-aélP So G 2 O .
A
P g
C&S—Q P Q = ©
a‘-.- 0-0 =0 so A% o0 .
Case 3 -a ¢ P
B (ot)
2 2
ol = (-a) = (-a).(-a) ¢ P %® a® zo.
o )
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Proof of Thim 2 : Use MT. to shew WV € P VneN.
‘Lemma.
n=1: L =14 =1° 2 o andd 130 (hby(M3)).
Se, L€ P
Re P.

Assume Ntk s true , 2.

Thew R+ 1.6 € P by (01) .50 n=het s .
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Thm: 0<a <€ Veso =2 &a=0.
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( 1-@. tlhhere S WO - Malus&" pesﬁ'a‘ue real nNuawber )

Pmcf" Ba Contvracliction . Suppggg QX0 , thaem Q> o .

n (02)
Note that 2 > 0 [wt\.o? I act,then --‘5_ 0
(o)
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2 4y = 1%

P
L Pase >~ 1%0
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By (01) . -‘2--a e ® ,ie ta>o.
False . (Ex: M\Qﬂ?)

Clhoose € = ‘lia 20, by at’wwpfi\\n o as “Lz'a

eltther AS50 avd b0

Pep: (4) abd>o0 =
_[ ov aA€Oo awd b‘o_

=> erthav Q>0 ovd b <O

(2) oabgo
oy aco ovdt bo0 .

P_‘ft Exercse .



